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DC-DC converters are an important class of power converters. Output voltage
is subject of change due to various factors such as converter input voltage
change, load change and losses in circuit elements. In order to obtain a
constant output voltage, a controller must be added to the converter. In this
paper, problem of designing controller for Buck converter in presence of
circuit none idealities such as: switch resistance, inductor and capacitor
series resistance, diode voltage drop and load current variations is solved. To
do this, using State Space Averaging (SSA), small signal model of converter is
obtained. In the next step, a controller is designed based on Integral of
Time multiplied by Absolute Error (ITAE) performance index. Controller

performance is tested with the aid of simulation for different scenarios.

© 2017 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A DC-DC converter is an electronic circuit that
converts a source of direct current (DC) from one
voltage level to another voltage level efficiently;
power level range from a few Watts up to kilo Watts.

Although using transformer for level conversion
is possible in presence of AC voltages, it cannot be
used for DC voltage level conversion due to fixed flux
that DC voltages produce (Chapman, 2012).

Based on input-output relationship of DC-DC
converters 3 type of converter is possible:

1. Buck converter: Voutput < Vinput

2. Boost converter: Voutput > Vinput

3. Buck-Boost converter: Either Voutput < Vinput Or
Voutput>Vinput

Practical converters use switching techniques.
Switching conversion is more power efficient (often
75% to 98%) than linear voltage regulation.

Energy taken from input source is stored
temporarily in the form of magnetic field (of
inductors or transformers) or electric field (of
capacitors) and is released to output at different
voltage.
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Today, control plays an important role in DC-DC
converter systems. Most DC-DC converter circuits
regulate the output voltage, too. Fig. 1 shows
anatomy of a Buck converter. Where rS§, rL and rC are
input source resistance, inductor series resistance
and capacitor series resistance respectively.

rC

Rload
l L

Fig. 1: Buck converter circuit

Switch S is closed for time length of DxT and is
open for time length (1-D)xT.D is duty cycle and T is
period of one switching cycle. If we neglect the rS, rL
and rC, ie. rS=rL=rC=0, then in the steady state
condition input-output relation is as in Eq. 1 (Hart,
2010; Mohan et al., 2002):
Vo=D.Vs (D

Buck converter can works in 2 modes:

Continuous Conduction Mode (CCM): Inductor
current (IL) is greater than zero during each
switching cycle.

Discontinuous Conduction Mode (DCM): Inductor
current goes to zero during part of the switching
cycle.
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2. Buck converter dynamic model

In order to design a controller for the Buck circuit
mentioned before, a dynamic model must be
extracted.

There are two methods which can be used to find
the small signal dynamic model of a converter. These
methods are:

1. Circuit averaging,
2. State space averaging (SSA).

State Space Averaging is used here. Switch SW in
Fig. 1, can be either on or off. Figs. 2 and 3 shows the
circuit when SW is on and off respectively.
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Fig. 2: Circuit for SW=on .Diode is reverse biased
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It is a standard notation in control theory to show
states variables with "x", control input with "u" and
output variables with "y". Based on this notation we
obtain Eq. 4. State, control input and output is

replaced with their corresponding large signal and

Lo
+ —rc 0 0] X [US]
Yy

=A1.x+31.u

(x)
—-d
{ y=C.x+D.u 1 )X{dt

y=C.x+Dy.u

{%(X +%)=AD +A;d+A,(1—D) — A,d)(X + %) + ByD + Byd + B,(1 — D) — B,d)(U + 1)

(x) =A,.x+ By.u
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Fig. 3: Circuit for SW=off .Diode is forward biased

As shown in Figs. 2 and 3, load resistor is
replaced with a current source lo. This replacement
let us to study effect of load variation on the close
loop response. Vy and rD shows diode voltage drop
and diode series resistance respectively. When
switch is closed, state space equation is Eq. 2. When
switch is opened, state space equation is Eq. 3. Eq. 2,
is valid for an interval of length DxT and Eq. 3, is
valid for an interval of length (1-D)xT. Averaging can
be used in order to combine the two equations into
one.

Process of averaging is nothing more than
multiplying Eq. 2 and 3 by d and 1-d respectively and
adding corresponding sides of equations together. It
is important to note thatd = D + d, where D is
steady state duty ratio and d is small signal variation
of duty ratio.

(2)

(3)

small signal components (Eq. 5). In steady state,
%(X) = 0. This can be used to find steady state

values of I. and Vc. So, small signal model can be
written as Eq. 6.

(4)

(5)

Y+y=0CD+Cd+Cy(1—D)—Cyd)(X +%)+ DD + Dyd + D,(1 — D) — D,d) (U + i)

= (®) = A1D + Ay (1 = D)E + (B1D + By(1 — D)(Ay — A)X + (By — B)U x [Z_]

7 =D + C,(1 — D)X + (DD + Do (1 — D)(Cy — C,)X + (Dy — DU X [Z]

(6)
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In this paper, a Buck converter with the following
parameters is considered:

Vs=50v
rS=10
rSW = 100 mf
D =04
Vy=08v

rD =1mfN

L =400 puH

rL =20 mM

C =100 pH
rC =50ma

fswitching =20KHz

Extraction of transfer functions from equation 6
by hand is cumbersome to some extent. So a Matlab®
program is written to do the job as follows:

% %circuit parameters

Vs=50;

rs=1;

D=.4;

L=400e-6;

ri=20e-3;

C=100e-6;

rc=50e-3;

rsw=100e-3;

Vg=.8;

rd=1e-3;

f=20e3;

R=20;

lo=1;

T=1/f;

%%model for O0<t<DT
Al=(-(rs+rsw+rl+rc)/L -1/L;1/C 0);
B1=(rc/L 1/L 0;-1/C 0 0);
Cl=(rc1);

1=(-rc00);

%model for DT<t<T
A2=(-(rl+rd+rc)/L -1/L;1/C 0);
25B2=(rc¢/L 0-1/L;-1/C 0 0);
C2=(rc 1);

D2=(-rc 0 0);

%%averaging

U=(1o;Vs;Vg);
X=-inv(D*A1+(1-D)*A2)*((D*B1+(1-325D)*B2)*U);
Steady state

inductor current(IL) and
capacitor voltage(Vc)
A=D*A1+(1-D)*A2;
B=(D*B1+(1-D)*B2 (A1-A2)*X+(B1-385B2)*U);
C=(D*C1+(1-D)*C2);
DD=(D*D1+(1-D)*D2 (C1-C2)*X+(D1-
D2)*U);%DD is used as a symbol
%for State space D matrix to
%avoid confusion with Duty ratio
%of converter(D)

46 sys=ss(A,B,C,DD);

tf(sys)

bode(sys)

%X is

Running the code, gives the following results
shown in Fig. 4.

1
%= [100504] V= [3%]

17

7,(s) _ —.05x s? —1.006 X 10* x s — 1.151 x 107

i,(s) s24+1277 x s + 2.5 x 107
Do(s) 50s + 107
b(s) ~ s2+4+1277 x s+ 2.5 x 107
Do(s) —75s — 1.5 x 107

B,(s)  s2+1277 x s +2.5x 107
Uo(s)  6213s+1.243 x 10°
d(s) s2+1277xs+2.5x107

Fig. 4: Result of running the code

Using output voltage equation for the ideal
converter (i.e. rS=rSW=Vy=rD=rL=rC=0), we expect
output voltage and output ripple to be Eqs. 7 and 8
(Hart, 2010; Mohan et al., 2002):

Vo=D*XVs= 04%X50= 20 (7)
Ay _ _ 1-D 0.6 _ s
Vo | BXLXCXfZ  8X400ux100ux(20k)? 4.69 x 10 ®)

AVy =V X 4.69 x 1073 = 2345 mV

Although, above formulas are not correct for the
non-ideal converter (i.e. a converter with non-ideal
components), it give us some idea.

Steady state inductor current and capacitor
voltage can be calculated by equating large signal
steady state portion of state equation to zero,

ie. %(X) = 0. This is done in line 30-32 of Matlab®

code. After running code we get X=(1 19.0594)T.

Fig. 5 shows simulation diagram of circuit
without controller in Matlab®. Load is a 1A current
source.

Inductor current and capacitor voltage are as
shown in Figs. 6 and 8 respectively.

Fig. 7 shows inductor current in steady state. As
seen in Fig. 7 minimum of current is about 0.2 A, so
converter is in Continues Conduction Mode (CCM).
Capacitor ripple voltage is as shown in Fig. 9.

3. Controller design

Small signal model of converter is extracted in
equation in Fig. 4. Here we need a controller which
changes duty ratio in order to set the output voltage.
Variable under control is load voltage and control
input is duty ratio.

In order to obtain pulses for switch, controller
output signal must be converted into a train of on off
pulses. This job can be done with the aid of Pulse
Width Modulation (PWM) technique. PWM
techniques are beyond the scope of this paper. An
interested reader is can refer to Hart (2010), Mohan
etal. (2002), and Ericson and Maksimovic (1997).

Where Vp is triangular reference amplitude. If

Vp= 1 then its transfer function reduces to % =1and

has no effect on the overall open loop transfer
function. Here it is assumed Vp= 1. Converter small
signal transfer function is Eq. 9.

Ty _ 62135+1.243x10° (9)
d  s2+1277s+2.5x107
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PWM block transfer function is Vi (Hart, 2010), Pole-Zero diagram of Eq. 9 is drawn in Fig. 10.
P
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Fig. 5: Simulation diagram of system without controller
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Pole-Zero Map
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Fig. 10: Pole-Zero diagram of open loop transfer function

. 5
Transfer function has a zero at —2*10" and poles

at —0385£4959.1) cross over frequency and phase
margin (Dorf and Bishop, 2001) of this transfer

function is 3.59 X 104% = 5714KHz and 12.2°,

respectively. Frequency response is shown below in
Fig. 11.

Bode Diagram of vo/d
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Fig. 11: Frequency response of open loop transfer function of Eq. 9

A common controller for Buck converter is type 2
error amplifier, shown in Fig. 12.
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Fig. 12: Type 2 error amplilifier and its frequency
response.

Type 2 error amplifier has the following small
signal transfer function (Eq. 10):

19

1

S+

v, R2C stw
v_c = _R C s(s.:ci”z) = T RiC s(s:m ) (10)
o 1L2 R2C1C2 1%2 14

In order to find values of Ri, Rz, Ci, C2 a design
methology based on phase margin can be used.

An interested reader is referred to Dorf and
Bishop (2001) and Hart (2010) in order to learn the
method.

Here, a method based on optimal control theory
is used to find controller parameters.

Fig. 13 shows overall configuration of close loop
system.

First of all, close loop transfer function must be
extracted. General form of a feedback control system
is shown in Fig. 14.
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controller

Switch

Filter and Load

Fig. 13: Close loop system configuration

+
—>®J’ G(s) |» H(s)
X(s) _T Y(s)
Y(s)  Gla)H(s)

X(s) 1+ G(s)H(s)
Fig. 14: General feedback control system and its close loop
transfer function

In Fig. 14, G(s) and H(s) shows controller transfer
function(Type 2 error amplifier) and plant transfer
function (Buck converter dynamics) respectively. So,

s+ w, S+ w,
G(s) = =
RiCos(s +wp)  alys(s + wy)
and
H(s) Do _ 62135+1.243x10°

d ~ s2+1277s5+2.5x107

Negative sign of Eq. 10 is put in the summing point
so G(s) is positive part of Eq. 10. Assume that

B(s) = 6213s + 1.243 x 10°
and
A(s) =s?+1277s + 2.5 x 107.

So close loop transfer function is Eq. 11.

B(s)xax(s+wy)
A(S)X(s+p)+B(s)xax(s+z)

(11)

Hclose—loop =

Close loop characteristic
denominator of Eq. 11, is Eq. 12.

equation, i.e.

s*+ (1000 + w,)s® + (1000w, + 6250a)s? +
(2.5 %107 4+ 6250 X a X w, + 1.25 x 10° X a)s + (2.5 X
107wp + 1.25 X 10° X a X w, (12)

Roots of Eq. 12 gives close loop poles. Design
parameters are: w,, w, and a.

A performance index is a quantitative measure of
the performance of a system and is choose so that
emphasis is given to the important system
specifications (Dorf and Bishop, 2001).

20

Various performance indexes can be defined.
Some of them are: Integral of square error (ISE),
Integral of the absolute magnitude of the error (IAE)
and Integral of Time multiplied by Absolute Error
(ITAE). An interested reader is referred to Dorf and
Bishop (2001) in order to gather more information
about this performance indexes.

In order to minimize ITAE performance index for
step input, coefficients of close loop characteristic
polynomial must related to each other as given in
Table 1.

Table 1: Optimum coefficients of close loop characteristics
based on the ITAE criterion for a step input
S + Wn
s2+ 1.4 wn s + wn?
s34+ 1.75wn s2+ 2.15 wn? s + wn3
st+ 2.1wn $3+ 3.4 wn?s2+ 2.7 wn3s + wnt
S5+ 2.8 wWns4+5.0 wns3+5.5 wn3s2+3.4 wnts + wnd®

Comparison of Eq. 12 and fourth row of Table 1
leads to Eq. 13:

1000 + w, = 2.1a, (13-1)
1000w, + 6250a = 3.4w? (13-2)
(25x107 + 6250 X @ X w, + 1.25 x 10° x a) =

2703 (13-3)
(25x107wp +1.25 X 10° X a X w,) = w;t (13-4)

In the above system of equation, wnis a known
number set by the designer. There is 4 equations and
3 unknowns. We assume wn=2mx1000.

In order to obtain unique values for w,, Wy, and «a,
3 equations are chosen. There are 4 different ways to
choose 3 equations out of 4.0btained system of 3
equations and 3 unknowns are solved for each case
separately. Following Matlab® code is used to solve
equations; Results are given in Table 2:

syms wp wz alpha

disp('solving 13-1,13-2 and 13-3")
s1=solve('1000+p=2.1%(2*pi*1000)",..
'1000*p+6250*alpha=3.4*(2*pi*1000)"2",...
'2.5e7+6250*alpha*z+1.25e9*alpha=2.7*(2*pi*1000)"3");
sl.p %prints pole location

sl.z  %prints zero location

s1l.alpha %prints alpha

disp('solving 13-2,13-3 and 13-4")
s2=solve('1000*p+6250*alpha=3.4*(2*pi*1000)"2",...
'2.5e7+6250*alpha*z+1.25e9*alpha=2.7*(2*pi*1000)"3",...
'2.5e7*p+1.25e9*alpha*z=(2*pi*1000)"4");

s2.p
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s2.z

s2.alpha

disp('solving 13-1,13-2 and 13-4")
s3=solve('1000+p=2.1*(2*pi*1000)’,
'"1000*p+6250*alpha=3.4*(2*pi*1000)"2’,
'2.5e7*p+1.25e9*alpha=(2*pi*1000)"4’);
s3.p

s3.z

s3.alpha

disp('solving 13-1,13-3 and 13-4")

s4=solve('1000+p=2.1*(2*pi*1000)",..
'2.5e7+6250*alpha*z+1.25e9*alpha=2.7*(2*pi*1000)"3"....
'2.5e7*p+1.25e9*alpha*z=(2*pi*1000)"4');

s4.p

s4.z

s4.alpha

Table 2: Results of solving 4 equation set

Chosen equations w; @p a Close loop stability
(13-1) 194.512 12.195 19.525
(13-2) x x x NO
(13-3) 103 103 103
(13-1) 2.354 12.195 0.529
(13-3) x x x NO
(13-4) 103 103 108
82:3 No No No .
(13-4) Solution  Solution  Solution
(13-2) 2.349 130.917 0.529
(13-3) x x x YES
(13-4) 103 103 103
With the parameters given in fourth row of Table Input voltage source change from 50v to 40v at t=50ms
2, close loop poles (= Eq. 12 roots) are Eq. 14. ” T T T 1T 1T T T T 1T 11
p1=-130.93 x 103s°1 sl ]
pz =-0.399 x 103571 (14)
p34=(-0.294 + 5.450i)x103 51 20— ]
L Sl i
So, Controller transfer function is Eq. 15. ¥ 19
5+2.349%103 g ar 1
G(s) = 0.529x103x5X(5+130.917x10%) (15) E ak |
it
4, Simulation results 1Bl -
In order to test the performance of control loop, Tor )
following scenario is applied at Simulink® ul |
environment of Matlab®. I I e

At t=25 ms load current changes from 1A to 3A.
At t=50 ms Vs is change from 50V to 40V. At t=75ms
load changes from 3A to 1.5A and at t=100ms Vs
changes from 40V to 60V.At t=250s reference
voltage change from 20v to 25v. Figs. 15-20 shows
the simulation results.

load current change from 1A to 3A at t=25ms

2r b

— P
=] =]
T
L

Load Voltage(v)

-

=
T
L

L L 1 1 L L 1 1 1
0024 0026 0028 003 0032 0034 003 0038 0.04
Time(s)

Fig. 15: Effect of load current increase
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Load Voltage(W)

0048 005 0052 0054 005 0058 0.06 0062 0064 0066
Time(s)
Fig. 16: Effect of input voltage decrease.

load current change from 3A to 1.5A at t=75m
23 T T T T T T q

251 1
2 4
2157 b
217 b
2051 8
20 pm \/\,f'\/'\._ ........ —
1951 b

185 b

0.074 0.086

0076 0078 008
Time(s)

Fig. 17: Effect of load current decrease

0082 0.084
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input voltage source change from 40v to 60v at t=100m
T T T T T

Load Voltage(\V)

|
01 0102 0104

1
0406 0108 011 012 0114
Time(s)
Fig. 18: Effect of input voltage increase

|
0.118

5. Conclusion

Buck converters are used when output voltage
must be less than input voltage.Generelly, output
voltage must keep relatively constant despite of
changes in the load current. Feedback control must
be used to acheive this goal.

Refrence voltage change from 20v to 25v at t=250ms

T T

bl /J’M-"" S N E—

2451 il
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2351 il
2

T 231 il
o
3

T 2251 4
>

T nr J
[s]

=215t i

211 il

205F il

205 il

L L 1 I | | | I

025 0252 0254 0256 0258 026 0262 0264
Time(s)

Fig. 19: Effect of refrence change
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Controller output signal
0.6 T T T

0.5

03 b

controller output(V)

o1 7

0 I I I I I
o 0.05 01 015 02 0.25 03

Time(s)
Fig. 20: Controller output signal(control signal)

In this paper, problem of designing controller for
Buck converter is solved with the aid of optimum
coefficients of close loop charachteristic equation of
ITAE criterion.

Designed controller is tested under various
scenarios in Simulink® environment of Matlab®.
Simulation results shows that loop is stable and has
an acceptable time response.
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